The concept of the phonon-mode Grüneisen tensor is reviewed as method to determine the elastic strains across crystals from the changes in the wavenumbers of Raman-active phonon modes relative to an unstrained crystal. The symmetry constraints on the phonon-mode Grüneisen tensor are discussed and the consequences for which combinations of strains can be determined by this method are stated. A computer program for Windows, stRAinMAN, has been written to calculate strains from changes in Raman (or other phonon) mode wavenumbers, and vice-versa. It can be downloaded for free from www.rossangel.net.
Introduction
The measurement of elastic strains in crystals has many applications, including the determination of thermal expansion coefficients and compressibilities, the characterisation of structural phase transitions and crystals under non-hydrostatic stress states inside diamond-anvil cells (DACs), as well as the stress states of individual crystal grains within a rock or ceramic composite. When the sample crystal is uniformly stressed, for example when it is under hydrostatic pressure inside a fluid pressure medium, then the strains are uniform across the sample, and they can be determined by measuring the unit-cell parameters of the crystal and comparing them to those of an unstrained reference crystal. This is the basis of using diffraction measurements to determine the thermal expansion and equations of state of minerals.
However, if a crystal is surrounded by other solid material it is subjected to strains imposed upon it by the thermal expansion and compressibility of the host material. The simplest case to consider is a spherical or ellipsoidal-shaped single crystal trapped as an inclusion inside an elastically-isotropic host crystal. When the pressure (P) or the temperature (T) changes, the host crystal will impose a uniform isotropic strain on the inclusion. If the inclusion crystal is elastically anisotropic it will therefore develop different normal stresses in different directions. Therefore, the inclusion will not be under hydrostatic pressure. This deviatoric stress state will be the same at all points within the inclusion [1] , and there will be no strain gradients across the inclusion. The strain in such inclusions can therefore be measured by conventional X-ray diffraction (XRD) techniques. However, when the same inclusion is faceted, the edges and corners act as stress concentrators and the stress and strain will change across the inclusion volume [e.g. [2] [3] [4] . Strain gradients also exist across crystals in DACs when the pressure medium becomes non-hydrostatic. In both cases, the strain gradients give rise to broadening of Bragg reflections in the diffraction pattern [e.g. 5, 6] , and the measured unit-cell parameters are some average of all of the various strained unit cells within the part of the sample that is within the X-ray beam. To follow the strain gradients it is therefore necessary to reduce the probed sample volume. This can be done with synchrotron-based XRD where the intensity of the source allows small volumes of the sample to be probed [e.g. 7, 8] . However, synchrotron XRD is a rather expensive method and cannot be routinely applied to the many grains or inclusions that must be measured in even a single geological study of one small field area. Raman spectroscopy provides a practical alternative which is economically-accessible to most laboratories. Raman spectrometers coupled to microscopes can obtain spectra from volumes of just a few μm 3 of individual minerals within polished sections and allow the Raman shifts of multiple lines to be mapped across the volume of an inclusion a few 10's of microns across [e.g. 2, 9] .
The Raman shifts from inclusions are normally interpreted as the result of the inclusion being under a hydrostatic pressure. Consequently, the Raman shifts measured from inclusions are directly converted into a hydrostatic pressure [e.g. 10], using pressure-wavenumber calibration curves established from hydrostatic DAC experiments. However, it is a common misconception implicit in such an analysis that Raman shifts directly measure stress or pressure, as can be easily illustrated. First, let us assume that the change Δω m in the wavenumber of a phonon mode m is indeed proportional to the applied normal stresses as:
With the m i a representing coefficients of proportionality that depend on the mode m and the direction in the crystal, but not on the magnitude of any of the stresses σ i . This approach implicitly assumes that the effects of three simultaneous stresses along the X, Y, and Z axes is equal to the sums of the effects of the individual uniaxial stresses. Basic physical insight shows that this cannot be true. A uniaxial stress along X leads to expansion in Y and Z for normal materials with positive Poisson ratio, whereas simultaneous compression along X and Y must lead to shortening along both X and Y which is a completely different physical state. Therefore, the structural effect of compression along X and Y simultaneously is not the sum of compression along X and Y separately. As phonon modes of a crystal depend on the structure and bonding within the crystal, it is clear that these two different stress states must give rise to different Raman shifts, in contradiction to the premise behind Equation (1) .
Second, at ambient pressure, heating a crystal does not change its stress state but its strain state; therefore, the observed changes of the Raman peak positions at different temperatures are the direct result of the strain tensor ε induced by temperature change ΔT. Similarly, in in situ high-pressure experiments the observed changes in the phonon wavenumbers are the direct result of strain, which is induced by pressure P. Further, for many modes in many minerals, the phonon-wavenumber changes induced by reducing the temperature or increasing the pressure are the same for the same decrease in volume. For example, if the shifts of the most intense Raman peak of quartz at ca. 464 cm −1 are plotted against the unit-cell volume, then both the high-pressure and the low-and high-temperature data fall on a single trend [2] . This clearly demonstrates that the wavenumber of this Raman-active mode of quartz is determined not directly by the pressure or the temperature, but is solely a function of the strains induced by changes in P or T. The effects of P and T on the Raman peak positions are therefore indirect; a change in P or T changes the unit-cell parameters and volume and this change (or strain) determines the change in the wavenumber of the Raman-active mode.
The concept was first established by Grüneisen [11] for isotropic solids. He defined what is now known as the thermal or thermodynamic Grüneisen parameter which relates the change in internal energy of an isotropic solid to the change in its pressure along an isochor. From an atomistic point of view, the Grüneisen parameter represents the response of lattice dynamics (atomic vibrations) as opposed to the response of lattice statics (atomic equilibrium positions) to temperature change or stress, and it is determined by the anharmonicity of the crystal potential due to phononphonon interactions [12] . If the anharmonicity in the potential is relatively small then the Grüneisen parameter remains approximately constant with either P or T. Grüneisen was clearly aware that the thermodynamic Grüneisen parameter was a tensor quantity in non-isotropic solids related to the anisotropic thermal expansion, the heat capacity and the elastic moduli. The details are laid out in [13] and discussed for the mineral olivine, for example, in [14] . Since the entropy of a solid depends explicitly on the lattice vibrations (phonon modes) [e.g. 12, 15, 16] it is possible to relate the macroscopic thermodynamic Grüneisen parameter to the microscopic phonon-mode Grüneisen tensors that define the relative wavenumber changes induced by the tensorial strain imposed on the crystal. In this paper we apply this idea to the specific problem of determining the strains in a crystal by measuring changes in the Raman shifts compared to those in an unstrained crystal. We first review the concept of the phonon-mode Grüneisen tensor and introduce a new approach to uniquely determine strains in crystals by measurements of Raman shifts. This has an immediate application, for example, in the measurement of strains in natural inclusions in order to provide estimates of the P and T at which they were entrapped deep within the Earth [e.g. 10, 17, 18] . The final section describes a new computer program, stRAinMAN, which is freely available and can be used to calculate strains of crystals from measured Raman shifts and vice-versa.
Theory Strains
Strains describe the change in shape and size of a physical object relative to an initial undeformed reference state. In this paper we are concerned with small elastic strains in crystals. 'Elastic' means that when the external field or force creating the strains, such as pressure, temperature or stress, is removed then the single crystal returns to its original size and shape. Plastic deformation and brittle failure, which both lead to permanent changes in size or shape, are explicitly excluded from this analysis. Elastic strains fall into two types, normal strains related to changes in length, and shear strains which do not change linear dimensions of the sample.
For crystals it is easiest to define strains in terms of the changes in their unit-cell parameters. The exact relationships between the strains and the cell parameters depend on the orientation with respect to the crystal axes of the Cartesian axes used to describe the strains. The conventional orientation for crystal classes of orthorhombic or higher symmetry is the natural one of having the Cartesian axes parallel to the crystallographic axes, thus X//a and Z//c. Then (except for the hexagonal system) the infinitesimal normal strain components ε 11 , ε 22 and ε 33 define the changes in the cell parameters a, b, and c, for
where da is a very small change in the a cell parameter. The shear strains are related to changes in unit cell angles, for example ε 13 is related to the change in angle between the a and c axes. In monoclinic and triclinic systems there are several widely-used different conventions for orienting the Cartesian axes of the tensor relative to the crystal axes, and the expressions for the strain components in terms of the unit-cell parameters are different in each case. Explicit equations for different conventions are given in [19] and [20] , and general equations in [21] and [22] , for example. The strain tensor by definition excludes rigid-body rotations [23] so it is symmetric, ε ij = ε ji i, j = 1, 2, 3.
Phonon-mode Grüneisen tensor
The fractional change in the wavenumber, ∆ω ω
phonon mode m in a crystal as a result of a strain ε is determined by a second-rank symmetric tensor, the phononmode Grüneisen tensor γ m [12, 15, 16] :
The ":" in Equation (2) indicates a double-scalar product between the two tensors, which can be written out in a full form as: For ease of notation we can reduce these tensors to a vector form in which the double-scalar product in Equation (2) becomes a scalar product of two vectors that represent the γ m and the ε tensors. Under the Voigt [24] convention used here for strains, the normal strain components are equal in magnitude to the diagonal components of the tensor, e.g. ε 1 = ε 11 , while the shear strains ε 4 , ε 5 , ε 6 are one-half of the values of the corresponding tensor components ε 23 , ε 13 , ε 12 . Therefore, if we set γ γ The introduction of a factor of ½ into the strain vector components and not into the Grüneisen vector components avoids factors of two appearing for the terms with subscripts i = 4, 5, 6 in the matrix version (5) of the tensor Equation (2) . The same convention works for the vector expression for the elastic energy of a solid [23] . The values of γ . With this convention, Equation (5) predicts that positive strains normally lead to a decrease in the phonon wavenumbers, and vice-versa. This is consistent with the general observation that, in the absence of phase transitions, Raman shifts increase with increasing hydrostatic pressure due to the development of negative strains and decrease with increasing temperature due to the development of positive strains.
The changes in phonon-mode wavenumbers induced by a temperature change ΔT can be calculated from (5) by recalling that in matrix form the strain is related to the thermal expansion tensor by:
So that we can write (5) 
Or, similarly, the direct effect of pressure on phonon mode wavenumbers can be written directly in terms of the compressibility β i = −ε i /ΔP: ∆ω γ β γ β γ β γ β γ β γ β ∆ ω = + + + + + 
Note that this means the phonon wavenumbers are not expected to be linear in either T or P, because the values of the thermal expansion and compressibility of a crystal change with T and P, respectively. In the absence of strong anharmonicity in the crystal interatomic potentials one can assume that γ = constant m i for each i = 1, …, 6. That means that the response of lattice dynamics (phonons) follows the response of the static lattice (atomic equilibrium positions) to changes in temperature or pressure. In this case, the use of the phonon-mode Grüneisen parameters has several advantages over using empirical polynomial functions in P and T to describe the variation in peak shifts [e.g. 25, 26] . First, the phonon-mode Grüneisen tensor has a sound physical basis and reflects the underlying physics that Raman shifts due to changes in P and T are not independent from each other. Second, they account for deviatoric strains as required, for example, in the analysis of host-inclusion systems, with the same approach as used for hydrostatic pressure. Third, quite often less coefficients are needed to describe the phonon wavenumbers than are required for higher-order polynomials in P and T.
Symmetry constraints
We explore the symmetry constraints on the Grüneisen tensor in some detail because they have significant consequences for which individual strains can, and which cannot, be determined through the measurements of the shifts of Raman active modes of a crystal. These limitations arise because we are using scalars ∆ω ω 0 m m to determine the values of the components of a strain tensor via a property tensor. This is in contrast to measurements to determine, for example, strains from the applied stresses via elasticity theory. In elasticity, the relevant property tensor is the compliance tensor, s ijkl , and if the stresses σ ij are known, then the strains can be calculated directly from the tensor equation relating stress to strain. The closer analogy in elasticity for the Grüneisen concept would be to determine the strains from the known stresses by measuring the work done on the system dW, which is the double scalar product of the stress and the change in strains, dε ij , thus dW = σ: dε = σ ij dε ij [23] .
The reformulation of Equation (5) The Grüneisen tensor concept can also be used to predict the consequences for Raman spectra of small strains imposed on a crystal that break its symmetry. For example, a shear strain ε 5 applied to an orthorhombic crystal will cause the β unit-cell angle to deviate from 90°, thereby breaking the orthorhombic lattice symmetry. However, if ε 5 is close to zero, such a symmetry change will only have a very small effect on the relative wavenumber shifts because the additional "monoclinic term" γ ε 5 5 m will be negligibly small with respect to the "orthorhombic one" given by Equation (10) . Therefore Δω m ~ 0 for small symmetry-breaking strains. However, if the symmetry-breaking strain exceeds a certain threshold value, then the wavenumber change of the lower-symmetry phase will become different from that predicted by the Grüneisen tensor of the highersymmetry phase. This "pseudo-symmetry" approach certainly holds under conditions where the Grüneisen tensor components do not depend on strains. This is completely analogous to the concept of infinitesimal strains and constant coefficients used in linear elasticity theory [e.g. 23] in which the elastic compliance tensor conforms to the original symmetry of the undeformed crystal, but can predict the strains arising from small stresses that break the symmetry. For Grüneisen tensors, as for elasticity, it remains for experiments to determine the range of strains for which the linear approximation represented by this approach (Equations 5-10) remains valid. This approach is not expected to apply to structural phase transitions, where the associated anharmonicity may change the values of the γ (11) Note that in a uniaxial crystal even if the strains ε 1 and ε 2 are not equal, the change in phonon wavenumbers depends only on their sum ε 1 + ε 2 and not their individual values. Conversely, a measurement of the change in the Raman shift of two vibrational modes of a uniaxial crystal can be used to determine ε 1 + ε 2 and ε 3 , if the values of the γ m i are known. Measurement of further vibrational modes can only reduce the uncertainty in the values of ε 1 + ε 2 and ε 3 , but cannot ever allow the value of ε 1 to be determined separately from ε 2 .
For cubic crystals and isotropic materials γ γ γ = = 
It follows that the measurement, for example by Raman spectroscopy, of the change in the wavenumber of a single vibrational mode in a cubic crystal is sufficient to determine the volume change of the crystal. However, by analogy with the case of uniaxial crystals, if a cubic crystal is under unequal strains with ε 1 ≠ ε 2 ≠ ε 3 , the symmetry of the phonon-mode Grüneisen tensor means that it is not possible to determine the individual strain components (Equation 12 ), no matter how many Raman lines are measured. Equation (12) also predicts that if the strains of a cubic crystal are purely deviatoric so that ε 1 + ε 2 + ε 3 = 0, there will be no change in the phonon wavenumbers, provided that the strains are infinitesimal.
Determining phonon-mode Grüneisen components
For cubic crystals the single symmetrically-independent value γ γ γ = = 
Note that K is not a constant, but is a function of P and T. Therefore, a more correct approach is to plot the wavenumber of the phonon mode against volume, and to use Equation (12) to determine the value of γ 1 .
m For non-cubic crystals, one can define a similar quantity, the volume Grüneisen parameter γ m V of a mode:
Tab. 1: Symmetry constraints on the phonon-mode Grüneisen tensor in vector notation. Triclinic1  2  3  4  5 'phonon compressibility' [27] , and the measured volume change with pressure. Consideration of Equation (8) shows 
Crystal system

Vector
Independent values Constraints
with the appropriate simplifications for symmetries higher than triclinic. In crystals of lower than cubic symmetry the determination of the components of the phonon-mode Grüneisen tensor for even a single vibrational mode is not easy to achieve experimentally, because it requires different strain states to be imposed on a crystal. It is therefore not sufficient to measure the Raman shifts under hydrostatic pressure, because this generates a single strain state. Consider a uniaxial crystal, like quartz. The symmetry constraints reduce Equation 8 to: in non-cubic crystals it is necessary to generate several different sets of strain conditions. This has been done successfully on quartz, by applying uniaxial stresses of up to 0.5 GPa, to determine both phonon-mode Grüneisen components for various Raman active modes [16, 28] . The limited fracture strength of silicate crystals however limits the deviatoric stress and strain levels that can be applied to quite low levels, limiting the precision with which the values of γ m i can be determined. And, such experiments cannot be performed under significant tension, except via shock wave techniques [29] . One possibility is that reproducible deviatoric stress at GPa levels can be applied to single crystals by using nonhydrostatic pressure media [30] , and this is an avenue currently under exploration.
A practical alternative is to use computer simulations of the crystal based on density-functional theory (DFT) to calculate the Raman spectra [e.g. 31, 32] under a range of deviatoric strains [2] . The strains applied in the simulations are not limited by the physical fragility of the crystal and can be arbitrarily large, and any combination of strains both positive in tension and negative in compression can be applied provided that the structure remains dynamically stable. If the simulations are performed over a grid of strains, then a contour plot of the phonon wavenumber on this grid immediately indicates the relationship between the phonon-mode shift and the strains. An example is provided by Figure 1a , for the 969 cm −1 Raman line of zircon, which illustrates several important principles about Raman shifts in minerals. First, the contour lines are parallel and equally-spaced, which means that the phonon-mode Grüneisen components are independent of the strains and their values can be determined from fitting a planar surface to the calculated shifts. Second, the contour lines of constant Raman shift are not parallel to the isochors, which for tetragonal zircon would be lines of constant 2ε 1 + ε 3 . Therefore, in contrast to cubic minerals, but in agreement with Equation (11), the shift of the 969 cm −1 line of zircon does not indicate the volume strain. Figure 1b is the same map replotted as a function of stress rather than strain, using the room P, T elastic tensor of zircon [33] and shows that the contours are not parallel to lines of constant mean stress, (2σ 1 + σ 3 )/3. Therefore, the Raman shift of this line does not provide a measurement of mean stress. Lastly, the contour maps for different phonon modes have very different patterns of contour lines. As an extreme example, Figure 1c [2] gave values of the phonon-mode Grüneisen tensor components that are in good agreement with those obtained by direct Raman spectroscopic measurements of uniaxially stressed quartz crystals [16, 28] and that correctly predict Raman shifts from the strains of inclusion crystals in natural garnet crystals measured by XRD [2] .
Implementation
We have written a computer program, stRAinMAN, that calculates the changes in phonon wavenumbers from strains as well as the strains from measured changes in phonon wavenumbers, by applying Equation (5) with the symmetry constraints that we have described above. The program name emphasizes its most important application, which is the determination of strains in crystals by using Raman spectroscopy to measure changes in phonon wavenumbers relative to an unstrained crystal. However, the program can be used for any phonon mode in a crystal whether or not it is Raman-or infrared-active.
The program has a graphical user interface (GUI) consisting of a number of tabs (Figure 2) , most of which are comprised of an upper area for user input and a lower information window which displays results as well as warning and error messages from the program. Tabs for calculations only become active when the necessary information about the phonon-mode Grüneisen parameters have been loaded to the program. These are loaded from a file via a file browser launched from the Load Gruenesien tab (Figure 2 ). The structure of the input file follows that of crystallographic information files (cif), because it is a very flexible text file format which allows information to be explicitly labeled by text flags [e.g. 34] making it easily-read by both humans and computer programs, and editable by the simplest text editors. For the stRAinMAN program we have introduced a new set of cif data names to describe the parameters of phonon-mode Grüneisen tensors, which are listed in Table 2 . An example file with the phonon-mode Grüneisen tensor components of quartz is given in Table 3 . By using the cif syntax and structure we are also able to make use of standard cif data names to specify the crystal system of the mineral, and the file can be read by any program that is cif-compliant. If the crystal system is specified, then the stRAinMAN program applies the appropriate symmetry constraints to the components of the Grüneisen tensor that we have described above. For the example of trigonal quartz (Table 3) , the program will set γ γ = for all the modes input. If any tensor components listed in the Grüneisen file violate the symmetry constraints, or if a symmetry-required component is not listed, then a warning is issued to the user. The input file must also contain the value of ω 0 m for each mode because Equation (5) defines the fractional change of the wavenumber of the mode, not the absolute value of the shift. The units used for wavenumbers are not defined by Equation (5), and therefore any units can be used in the program. However, the input and output formats in stRAinMAN are designed to optimally display wavenumbers in the most commonly-used units for Raman spectroscopy, namely cm −1 . It is not required to list all of the modes of a crystal in the Grüneisen file, nor even all of the Raman-active modes. Only the modes of interest need be listed, but other modes can also be listed even if they are not employed in calculations. Thus, a single file can be kept Table 3 . Not all of the mode list is visible, but it can be accessed with the scroll bar on the right-side of the output window. All of these data names can be used together in a cif loop_ structure as shown in Table 3 .
for each mineral, and used for all subsequent calculations without any need to edit it. When a valid set of Grüneisen tensor components has been loaded into stRAinMAN, the calculation tabs become active (Figure 2 ). The Calc Shifts tab allows mode wavenumber shifts to be calculated from strains input by the user. There is the option to limit the input strains to only those allowed by the symmetry of the crystal (Figure 3 ). The output window contains the calculated change in wavenumber of each mode (the 'shift') for the input strains, calculated following Equation (5) input to allow the calculation of the symmetry-independent strain quantities of the crystal. Thus, a minimum of one mode is required to determine ε 1 + ε 2 + ε 3 in cubic crystals, and two modes to determine the quantities ε 1 + ε 2 and ε 3 in uniaxial crystals, etc. If exactly this number of modes are input, then only the values of the strain quantities can be determined by the program. If more modes are used, the estimated uncertainties of the strain components are also calculated by linear least-squares inversion of Equation (5) with the symmetry constraints applied, along with the value of χ 2 from the least-squares to indicate the consistency of the measured mode wavenumbers. The measured ∆ω exp m can be input directly into the GUI (Figure 4) or, for ease of processing large datasets, they can be read from a data file. The data file format is illustrated in Table 4 . It consists of two essential header lines, followed by one line of mode shifts for each measurement. The mode shifts can appear in any order, but they must have the same order in every line. The header line labeled 'w0:' defines the order of the data by labeling the columns with the ω 0 m values.
These must match (within 1 cm
) the values of ω 0 m in the file with the phonon-mode Grüneisen tensor components. For reasons of space, when a file is used to input the mode shifts, the uncertainties of calculated strain quantities Tab. 3: Example of a Grüneisen file for quartz. Because there are only two independent strain quantities that can be calculated for a uniaxial crystal, inputing data for at least three modes (four in the screenshot) allows the program to calculate the uncertainties in the strains, which are shown in parentheses.
File contents Explanation
The Read Shifts from File button allows experimental data of changes in wavenumbers to be read from a list in a text file (Table 4) .
are not output to the GUI. They can be obtained by first opening a log file under the Settings tab of the GUI, which will then contain the results of all calculations that are performed. This provides a useful method by which results of calculations can then be cut and pasted into graphics or spreadsheet programs for further analysis and display. The stRAinMAN program is written in Fortran-95 using the CrysFML [35] library. The program is free for non-commercial use and does not require any commercial software or libraries other than those provided with the program. It is freely available for download from www.rossangel.net for Windows operating systems, together with phonon-mode Grüneisen parameter files for common minerals, and example input files for illustrating the calculation of strains from measured Raman shifts. Basic help information is provided within the program, and this paper serves as the full description of how the stRAinMAN program operates. The order of the modes in this file does not have to match the order in which they are listed in the Grüneisen file
